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A now transformetion of the Nlcir integrands ig

intraduced s0 as te svoid the unnecessary iuconvenieance
¢i having the istegration variashle differemt from that pro-
vided by experiment. As an alternative to the Rycherp-iLlein-
Rees equations, the siaplification of Singh and Jzin is ex-
tended to elisinate all reference te rotation and xXlein’s
troublesors ¢ function: not only co numerical interrations
disappear, but WKE rtesults are raeduced to their bare essentials.
Arplication of this cxtension to the fourteenth vibrational
level of norral roleculsr hydrogen, which erergy corresponds

te 98 % of the way townrd Jisssciation, reveals an errer of
¥

it}

only 7,41 % in the maximum turning point. Aﬂ\’
2/

TNTOONETION

i~

T g e 3, -
Me Rylberg-slein-fees tschuigue, hereafter called R, is a method

for censtructing diatonic ;:eateniia},emr;;y carves nolzect 1y

frow spectroscopic



cata without the prior sssumption of an srpalvtic force law., Zemewed in-
< terest in the procedure occurred a2bout 1239 when Vancerslice, ot 31,4
aprlied the equations to hycrogen for the ultimate pRupose of caleulsting
stop-aton collision cross sections zad high-temperature cas transport co-

eificients: otuer computations followed imrecdiiately and lhave been sumparized
by Zelezaik.®

Pernaps the most distinguishing faature of much of this work, essecially
the csrlier papers, is the ~ersistent adherence to Rees! internral evaluations
for anergy levels coatalning no Liglher than second-order vibrariensl comtri-
batiens. Molecular states for which the exrerimental dats could net & repro-
sented over the entire range by u single quscrstic were, insteac, nieccewise
fitted over smzller irtervals an’ eorrzsnonlingly Intesrated. Tiis procedure
being open te guestion even at tie lower lovels, cculd yield guite substantial
erPrors . gar the dissociation limit. Ths only other strictly analyric aprrosch
of note is Jarmaia's series ievelcpment,& wherein the sct of vibrational levels
is expressed in tie fora of an unrestrictea polynormial and Dunhax's ?ﬂteﬂ?iﬁ}7
is inverted for the classical turuing peints,

After 3 btrief Jiscussion of the validity of L¥R anu PXR meth.ds, the ro-
maining surmoses ef this pacer are three-fold as fullews: to remove simsu-
larities ‘rom ¥leln iuterraads, te cevelon s subgtitﬁta {oimulation in whieh

more ricorous calewlations in the case of sround-ztate weleculsr mwdrepen near

its disseoecistion lirit.
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such intezrals disavoear from the workling esuvatiens, gn’ to eormare results with

%,

H



AR POTIUTIALS

nearly a2il semi-empirical schewmes for cunuting Jistemic force laws
originate frow the slightly modified Aohr-Semmerfold ffirst-order ¥Wuu)

3 Cewr g

quantunp condition

-1 -1 r
j‘dz = ;i(\f 2 P ; L= Te {T‘re): Ll}

where T, is tae enuilibrius sepzration betwoen nuclei snd v is the vi-
brationagl cusntur number. It is possible to snlve this couation either
irectly for the classicsl turning sciats of sn arbitrarily chosen vibra-
tional energy, as did Fydbers and Klein, or iy assuming varicus seriee ex-

pansicas for the potential and its first derlvative with respect to £, Using

Ve oagg & (1+ay £ea, £5 4.0 0], (23

Vi Ty VWi ve Ay v/ e, ane ry
- - - 2

vl = Ay 112 Blvu“ R,V eLl), (4)

s 8 1, 7
“Runhan cvaluated the phase integral and ohtained

- .1 , T _1:3:5.-.(20-1) n- . ,ﬁ‘“‘f*%} €
v ) TEe el | w2 1/

f

for the cnerzy level cv.

Since both the RXR and Dunham expressions derive from the WUH apnroxi-

e
fey

metion, and since that spproximation regards 28 an expansion parapeter,

neither theory is a priori veiid to first order excent for hieh vibrational

gquantum numbers and corrcespondingly lsrge displucerients from equiiibriuvm of
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-~ the classical turnine points. It thus follows that since the ceozparetively
limited supply of sueh high enerpy levels may provide but 3 suall fraction
of the number of coefficients in iq. (2) needod to precisely describe the
truc potemtial st thé¥ helght, the resulting truncated series msy fit very

poorly in giﬁzi%éoeains ¢f &. The dsnger would be ospacially great near

the potential zinlmum, teet DPoi tmmtnssn of Loss amargiow ain Ef- (57 ditarionioedss agained”
T ATl ,
Despite the convon uripin of ileln (PXR) and Dumham ctentials, seversl
wlsconceptions lLave develssed since the original werk: it is ecfren statedgg
for exanple, tust the sémiclossicsl foundstions of the PUR uethsd rendar it
untenable at low v, wheress ‘»mhan's First spproxinggtion is aceurate acar
; poteatial =zinima. Perhaps the difficulty arises from looking ton slesely at
the form of Eq. (2) without recognizing the role played by ®EB theory in
deteraining the cocfficients as fuaciieas of spectyoscopic constants. In any
event, the Jistinction is somewhat scsdendce for =iny molecnlar statez Locause

' .2 : . )
correeticns te (1) of exder &° and hicher are completely nepliyible: hence

ne consideration of the classicsl limit ig accessary and all restrictions

on v may bs removec. Aceerdingly, both the Kleim and Punhswm potentials will

=%
i suffice over the entire range in certain casss - hut to the extent that either
falls nesr the =inirum, so also must tie other.
‘ g A CORVENTIEST TRANSFORMATION
£ The RIR rsouations for @ nomrotating emelecule ave iisted as follows:
| 3 /2
rmax,;iﬁ = (F 5‘}) * 5 &)
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where G, ang Sv J(J+1} sre the pure vilvatisnai and {irst-oruer rotationzl
enargies, rospectively, each measured in inverse centimcters, and h is
Planck's constant in erg-seconds. Other parameters include the rsduced mass
#. the speed of light ¢, and the vibrstional quantus number v corres-
ponding toc that energy Gv fer which the classical turning points r and

nax

X

are roquirad.
min :

Hith the assumption now that Gv is an analytic Junction of v, the

integrand of Lg. €7)aeay be written

i) 7| -1/2
«-1/72 Y/ - - i -
(. -6..) /2 © i/z (v-v") 1/2 Y ey i . (3)
vor Y X €
k=) v

where the primes and superscrints on {  all refer to differentiations of

various orders with respect t¢ v. Supzested immcdiately by (%) is the

sirnle transformation from v' to x = (v-v , according to which Xlein's

f and g functions become

L2
s ES . -1/2
VRS T M O IS /
e L//7 G = x4 éx  (10)
7 ucky o w1 5 Oy
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el Lo BTG ey
g = |- — Bv,x} i et xRy (11)
%Gt ; / k=] Lige ;
P ; ) v -
with
s{v,x} = & t (v»x2+1} vy Tvext e 1LY
’ e T Ve FEORR P T ' (12)

E ‘o - ks
Zeveral advantages of oqusgieﬁs {173) zaa {11} cver (7) anc (8) are

obvious: He longer do integrand sirsularities exist, only the nrerertics

]
£

of the Gv curye at the chosen level ars requirved. and x  ie & convenient

variasbie of intrgration. This last advantans hecomes covide.t when comnarison

B E -+
is made with ielssman's substitution.’ of x for €, - ﬁvvJI/E to chtain
2 -
v -1/2 (c,-6 1/*3}/' 719,03 1
s Oy - 6 vio= 2 g ) Y0 ex, (13)
AV i \ dv' /

tumerical evaluation of (13) iatroduces 2n unnecessary inconvenience: Since
the integrand is available ian v' rsther than x, only increments of the
former may bz seclected arbitrarily and these of the latter then calculated
‘)1/2 .

from ix = (G, - (G -c 2

G
vie ¥ v

it is further acted that the upper limits to the sumrations in ¥gs. (9);4“)
40,115 are, at wost, the degree of the hipnest polynonial with which the
spectroscopic data cn Gv can ho fitted, i.e., the pumber of obeerved vi-

brational levels. In addition, becausz of the relative umirnortarce of
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nigher derivatives as compsred with the First, sueh polynowials ondinarily
nay be considersbly truacated by least squares methods and wo significant

error is expected from tiie ippesrance of successzive slopes of axzerimentsl
measurements,

- . 11
ot Eezmki

has receatly developed a new pethod for evalustieg the Xiein
inteprals that adwe essentially retains the -~rizinal intezration wariakle,

e remoyed the singularities with an intecratian by parts and sxpresscd the
remaining integrands in terms of ~olyromial oypamsions containing derivatives
with respect to v', o particular grin is appareat, however, overiags. {106)
and (11) ie which such derivatives at 211 poliwts helow the choser v are
specifieally eliminated, Uther, more apnroximate procedures ianvolving ans-
l¥tic curve Fitting only near the upper iimits of Ygs. (7) an' {8) with
nuperical integrations over the rest have boen anplied by several lavesti-

2-14 . .o - R . A 3
gatars,l 1 25 has the tecknicae of Gaussian integration

24

near the singu-

larities.

THE MORSL POTENTIAL

As g preliminary to our slternative to the RER methed, it is convenient

to point out the simplificatiens inherent in the “orse gﬁteati311”
V=031~ exp {—a(r«tg}i} . (14}

the differentistion of which yields

, i/2 | .
) * . @ + ”
Al - Zar BT By m f15)



for subatitution inte Dunham's exiressiom (8). Since

N7 Be35eeen-B) o2 /2 :
g;z (2-4. b...zn\{n;“i' i ’1 - (1-x) w" 1, (16)

the solution of e (5) wey Lo written in cloced forp as feollows:

ﬂv = w(v+§) - uz(v+£

azccordingly,

favidson and #tﬁes a;parently wore the first to reempnize thet
rigorous Yorse energy levels are ldentieal {apart from hslv-integral cuantum
nupbers) «it' those rredicted by the Tobroteooverfeld quantum conditiom, a
fact whieh also follows fron the vanishine of first and ligher corroctions
{3}, 1In s»ite of tie =uviport it cramts to Dunhom and RXE methods, this
creement seems to nave toon averlooled in the morye Tecost literature,
Vorification of tho ahove ztatemsnt in ths case of Hleints £ Function

aroceeds iust as smoothly. Substitution of the znerey (17) inte 7o, (10)

vielus

/2 /2
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which result concurs with the direct selution of (14) for the soparate

turning peints

7y — b 30
B O e A

r . mr -f e\ m} ! L. (20
max,pin ] 2 i - . i
-4 ucmx/ i t

[
H

Corresponding sgreement Jces not prevail, on the other Land, between the
f functions of & rotating Morse molecule,

Tt is thus anticipoted that a full-scale TKR ¢reatment (f and ¢ both)
will not be so successful as (12) amd (20) Lecause ¢ the eomewhat artificizl
concept of retazign.iqtuadueed through ... Eq. {11); =more precissly, sinee
the “&B energy conditienm (1) can reveal zt most the ﬁiffezcncéf/betwecn
classicgl tuming points st a specified level, Klein's g function must be
regardad as =z cisver agrtifice for extendins the theery an rroviding additienal
(but less reliable) informetion., Failure of Eqs. (i) an {(11) to attain
complete acguracy for Tax and Toin individuslly for 2 Yorse rotential
cannet, ther=fore, be sttributed i~ any feilure per se of the Wil method.

upe of esur goals, then, is to eliminate 2s nonossentinl all reference to ro-

tation ir analyses of nonrotating dinxtowic molecules.
AN ALTERHATY FORMULATION

As a substitute for the above introduction of yetationsl parapeters,
we now propose a comromise hetwcen the k&R ldeal of no predcotermined an-
alytic potential an’ these foymulatious that Jo se begin. Since zost

analytic potentizls, trhe dMorse included cesnite its obvions deficiencies
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at small separations, are juite uleguate over comsidershle rortions of

b

teir inner or repulsive legs, it secms remsenable to apply such a function
to those regpions only and subseguently conbine with the 7¥Y formela (19) for
determination of the attractive part. food repuisive branches alse are avail-
able in many instances from the reduction of high enerpgy scattering data.

Jur second sirnlification is related, tihcupgh rather lcosely because of
their retention of the ¢ function, to an aprroximate technique devised hy

"

Cingh and Jain. A critical analysis of that wethed is therefore desirshle

and we start with the diacren
P N - A N

H 1 2 1% >
v %r ex,min{v)§ & - Iv(v)
PO
(3
&) — ) £} W)
(4) (6)

|
Ve e 8> e (V)

here the subscripts and superscripts a omd m rvefer to analytic and Morse,

respectively.,
The various paths =re explained as follows:

Path (1): The only argument stated expllcitly %y Sinah anc Jain re-
duces to the fact that 2 geod descristion of V, though perhaps only within
a very narrow Ay about the chosen cuantum ruwber, trivially guarantces pood

f wvalues in that range,.



Treir setuzl srecedure, oo

vibrational energies ;

v lirits, and thenm apply ilein's €

able enly within Av  sutermstically eusure
vir {¥3}., the arsument for nath (1)

citions! prect sor patrh {2) is reguired,

continued: 1t s desivarlea,

wi

il tidn seme xeecilind

theugh very cruge ans in spoorent corntlict

that lower lYevels cannot

zs Zepictel by sonme 2ualvtiz

r inless, of course, values of 0

ka

te ignerel, develons

the other damd, Qs te start with

-

2
L)

within the

: .-
integral to compute &

- — ~ 1., . .4
correspondlsgly accentalbie

. . .. e
is ontirelv irrelsvent and nd.

gyidence iIs siscussed,

roefare . to egtotlish 7 gone

i

accurats enerny levels #nd reliable

Av  sinoe,  me such gtict

AT

5

P

o oA
:-q: 1]

with t..¢ indication froo

-

Tror the fget oot a substantial

pfgtion of Klsin's £ integral is contributed by lovels fairly clese to the

ey, Acgersingly, that

;
in which to roosulye & cond des

are seldop very poorp, oven for @ sin

sie ap

- o d i d [ N o
L ¥, En zingn Lo ovesatest srTLYS

neaTiyY aiwavs arise whore thsey count tihs
zasonalile accurccy for

the COrFasponsing

Path {4):

SR B SR N PR
4 E Yooy -
,l.,,:u.:“t‘.‘m:‘.. is

sdicatri

:
TLCeTRYInD %

. .
cyzinntio of

1% the intemtion o Singh ona

iy Far (b Lost narrow
e O, sigeoe Moarse energies

v

on over the eutirs range

it o7 fg. {173 to Ay

lesst, we zay hopefully assert a

any leval,

rigorous zaleulation, vath {0) emwmut Ur arriicy conversiently to o lesst
squares it of Gv with s oxlypowisl iober thon sscond Jopred Path 743




mevely asscciates this nuadratic with tr: Morse npotential ({3 = =) that
cest dofines it aceerding to vgs. (14, (17), arni {13}, wrereas tho eguilibriw

separation T, is provided frowm

i t
T o .
H £ . £ .
\83 poil 121)
. - . oo . s s
Path (5): The equation Vﬁitﬁax miﬁ) = ﬂg is solved givectly to yieild,

. o s . , . s . :
as in the ecase of [Z0) above, the quantity tv (¥ ). Zince the latter sneci-
fies two of the Luryes Moxrsse purameteys, conly ro is reguired to roverse this
cath back towsrd Vﬁ.

Path {&): Hecause of the nroperty of first-orcer %KB theory to repro-

duce exactly a Horse noiential, it is clcar that f; (i) 5 ’: {(V): conse-

quently, there is ae advantage to solving ilein's [ integral with ﬁi.
That Sipghk and Jain sviﬁaat}y il to recopmnize is that quadratic éﬂergy
isvels are synonowmous with s “®orse petemtial. Their sequence of path ()
»lus the intredactien of Kiein's 3z furmction is idertical, exclusive of
additional approximations relsted to rotation, with the wuch simpler and far
woTe direct route of path (4). As an alrost equlvalent replacesent for the

Singh and Jain foremslstion, we thercfore adest the follewiny expressions:

. 3, 1/2
;o M2 e2(exG) /2
/od . -
= P LR n - e e e (22
Toin " Te 7 i73 . A * (22
18y pewx M

t




vz v n 12
. N \ gw’?(w:‘&; i
fax(r -r.)el. — In = 177 (23)
, 3 e (axy M 2 0
Z " max min 328 Tycmx }fﬁ*i{‘ﬂ‘—g} ;
] v
and
2
& - m{v+£) - MX(V*é) , (24)
v 2 £

where o 8snd wx 2are deterrmined from a least squsres fit of the four ob-

served vibrational levels closest to the one chosen, One need not, ~f course,
Aothev .

sotdk with  at all, but it is 3 convenient guentity for comparisen with

rigorous RiKR caleulations.

CALOULATIONS 0% 1(x'z ")

Cround-state hydregen is especially suited for a cheek of the above-
method for three reasoms: Iu the lirst place, Movse's potential is known to
be a poorer fit for this than for most diateric molecules; secondly, reliable
data is available un to the dissociaticn Jimit; trirdly, Welrsman, et 31,1§
have provided good fiR turniag points. In erder to vake the test even rore
stringent, uwe further single out tie fourtsenth vibhrstion level (v = 13,
which enercy is roughly 938% of that of dissccistion an. tiorefore lles
in the region least adaptable to an overall snilytic curve-fit and most
subject to the errors discussed in the preceding sectiom.

Morse potentials were employed in several Jifforent ways in the present

caleulation. The third and €ifth columns of Table 1 were obtsined from known
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values of T and Gg, each peteatial externding over the entire rangze of
. : 3 rraes . w s
v but with the applicaticns differing according to whether G;x or 613

{srectroscopic data) was uwsed in Fgs. {19) and (27}, and tle spectroscopic

constants were computed from

. R
w = 4p|1-(1-0 )1/2 . wx = 401 1-(1-n"ic yi/3

G

Colum four also represents a sin:le rotsntial over the omtire range. only
this time with the spectroscopic constants Jetermined frem 1 lesst sguares
fit of all 15 observed levels. Again G;'*s was used and D was Geduced
frem £g. (18).

As expected, the best results are associated with the last celum,
where the preocesdure was iuentical with the fourth except for the use omnly of

the top four emergies in the least squares determination of w and wx.

- . ien - fatis. 13 s R . 135
troagh they differ slishtly (within 13) frow thesce of Toblus an’ Vandersiice,

deissmen's calculations were regarded as oxact in all cases. 1t is interesting

te note that despite tue fzet that i better potentisl wonld bave vielded &

saaller ervor in r_ g that discrerancy is in the right directien to

actually increase the relianility of T, e from g. (29 tre same world
2X

Lave been accemplished autornatically, however, froe the Tax Torm of (20)

in conjunction with the sane (€, 3nd indevendently of




RUMMARY

Twt new nethods, one of whieh involves a transformation that simel-
tamneously remnves the upper-iimit singulurities of ilein integrands and
establishes a siasgle integration varisble througheoat, have been introduced
for finding diatomic notentials more or less directly from spectrescenic
dsta. The other is an alterrate prucedure that effectively resiaces the
RET inteprals, while at the save time deriving z sort of seml-rigorous
sappert from that formulation. Iwmerical calculetiens on normal hydroges
réve&ied & éisérepaacyiof less than 9.0 % for the attractive braﬁ#ﬁ of the
potential; sccordingly, the alternate tecnnique, tocetler with Heitler-

245
Loundon type approximations at larye separations,” should provide an
alequate vopresentation for mamy cellision preblems - including those
concerned with transpoart and other ﬁﬁ&eqﬁisiﬁridﬁ phencﬁeha in ailute gases.
secause of the ease of caloulation witiwst electronic scoputers, the alternats

treataent =micht aptly be termed @ moer man's HARL
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Table 1. <Classical turwiny points for 1, (X' : Gig = 0.080).
i £ -

Ygs. {22} - fre, (19), “as. (22) -
Egs. (159}, {24}, least (29}, and (24}, least

. best {20}, end saNaTes (253, using SOUETSS
‘uantity a (9. (v = -14) s ? (v = 11-14)

RXR {25} ¢
i3

- W T T

o, 1 3&,27é”’c 38,274 3, AR 5,274 32,895

% error 0 -1.33 ~7 .07 2.1 1,71
2c z o . ~ am
T ., A 7,413 0,303 2,356 i, 388 3 408
min’
L error 4] -4 ,534 -6.54 ~5.%1 -1.21
0 - oy s~ ~ - S
T WA 2,675 2.625% 2.488 v 104 2.08¢
Y error b -1,87 -£,08 1.0 3.41
a

¥eissaan, et al, reference 10,

~O R & N c . .
s where o = oo Gﬁ, was taker from 6. lierzbers, Spoctra of uiatomice
y . p ¥

Molecules (0, Van sostrand, Inc., Princeton, Jew Jerzey, 1950}, 2nd =d.,
p. 330,

G, and T, from G. tlerzherg and L. L. tlowe, Can.J. Phys. 37,636 (1952},

b
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